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MINIMAL SURFACES IN SPHERES AND A RICCI-LIKE
CONDITION
AMALIA-SOFIA TSOURI AND THEODOROS VLACHOS
Abstract. We deal with minimal surfaces in spheres that are locally isometric to
a pseudoholomorphic curve in a totally geodesic S5 in the nearly Ka¨hler sphere S6.
Being locally isometric to a pseudoholomorphic curve in S5 turns out to be equivalent
to the Ricci-like condition ∆ log(1 −K) = 6K, where K is the Gaussian curvature of
the induced metric. Besides flat minimal surfaces in spheres, direct sums of surfaces in
the associated family of pseudoholomorphic curves in S5 do satisfy this Ricci-like con-
dition. Surfaces in both classes are exceptional surfaces. These are minimal surfaces
whose all Hopf differentials are holomorphic, or equivalently the curvature ellipses have
constant eccentricity up to the last but one. Under appropriate global assumptions,
we prove that minimal surfaces in spheres that satisfy this Ricci-like condition are
indeed exceptional. Thus, the classification of these surfaces is reduced to the classifi-
cation of exceptional surfaces that are locally isometric to a pseudoholomorphic curve
in S5. In fact, we prove, among other results, that such exceptional surfaces in odd
dimensional spheres are flat or direct sums of surfaces in the associated family of a
pseudoholomorphic curve in S5.
1. Introduction
A fundamental problem in the study of minimal surfaces is to classify those surfaces
isometric to a given one. More precisely, the following question has been addressed by
Lawson in [19]:
Given a minimal surface f : M → Qnc in a n-dimensional space form of
curvature c, what is the moduli space of all noncongruent minimal surfaces
f˜ : M → Qn+mc , any m, which are isometric to f.
Partial answers to this problem were provided by several authors. For instance, see
[4, 15, 18, 19, 20, 21, 24, 25, 26, 28].
A classical result due to Ricci-Curbastro [23] asserts that the Gaussian curvature
K ≤ 0 of any minimal surface in R3 satisfies the so-called Ricci condition
∆ log(−K) = 4K,
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away from totally geodesic points, where ∆ is the Laplacian operator of the surface
with respect to the induced metric ds2. This condition is equivalent to the flatness of
the metric dsˆ2 = (−K)1/2ds2. Conversely (see [17]), a metric on a simply connected
2-dimensional Riemannian manifold with negative Gaussian curvature is realized on a
minimal surface in R3, if the Ricci condition is satisfied. Hence, the Ricci condition
is a necessary and sufficient condition for a 2-dimensional Riemannian manifold to be
locally isometric to a minimal surface in R3.
Lawson [18] studied the above problem for minimal surfaces in a Euclidean space that
are isometric to minimal surfaces in R3. Using the Ricci condition and the holomorphicity
of the Gauss map, he classified all minimal surfaces in Rn that are isometric to a minimal
surface in R3. Calabi [4] obtained a complete description of the moduli space of all
noncongruent minimal surfaces in Rn which are isometric to a given holomorphic curve
in Cn.
The aforementioned problem turns out to be more difficult for minimal surfaces in
spheres. The difficulty arises from the fact that their Gauss map is merely harmonic,
while for minimal surfaces in the Euclidean space it is holomorphic. The classification
problem of minimal surfaces in spheres that are isometric to minimal surfaces in the
sphere S3 was raised by Lawson in [18], where he stated a conjecture that is still open.
This conjecture has been only confirmed for certain classes of minimal surfaces in spheres
(see [21, 24, 25, 26, 28]). It is worth noticing that a surface is locally isometric to a
minimal surface in S3 if its Gaussian curvature satisfies the spherical Ricci condition
∆ log(1−K) = 4K.
A distinguished class of minimal surfaces in spheres is the one of pseudoholomorphic
curves in the nearly Ka¨hler sphere S6, that was introduced by Bryant [3] and has been
widely studied (cf. [2, 14, 13]). The pseudoholomorphic curves in S6 are nonconstant
smooth maps from a Riemann surface into the nearly Ka¨hler sphere S6, whose differential
is complex linear with respect to the almost complex structure of S6 that is induced from
the multiplication of the Cayley numbers.
In analogy with Calabi’s work [4], we consider the problem of classifying minimal
surfaces in spheres that are isometric to pseudoholomorphic curves in the nearly Ka¨hler
sphere S6. More precisely, in the present paper we focus on the following problem:
Classify minimal surfaces in spheres that are locally isometric to pseudoholomorphic
curves in a totally geodesic S5 ⊂ S6. The case of pseudoholomorphic curves that are
substantial in S6 requires a different treatment and will be the subject of a forthcoming
paper.
A characterization of Riemannian metrics that arise as induced metrics on pseudo-
holomorphic curves in S5 was given in [14, 13]. In fact, the Gaussian curvature K ≤ 1
of a pseudoholomorphic curve in S5 satisfies the condition
(∗) ∆ log(1−K) = 6K,
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away from totally geodesic points, where ∆ is the Laplacian operator of the induced met-
ric ds2. This condition is equivalent to the flatness of the metric dsˆ2 = (1 −K)1/3ds2.
Conversely, any two-dimensional Riemannian manifold (M, ds2), with Gaussian cur-
vature K < 1, that satisfies the Ricci-like condition (∗) can be locally isometrically
immersed as a pseudoholomorphic curve in S5. Thus the classification of minimal sur-
faces in spheres that are locally isometric to a pseudoholomorphic curve in S5 ⊂ S6
is equivalent to the classification of those surfaces whose induced metrics satisfy the
condition (∗).
Obviously flat minimal surfaces in spheres satisfy the condition (∗). These surfaces
were classified in [16] and lie in odd dimensional spheres. Another class of minimal
surfaces in odd dimensional spheres that satisfy the condition (∗) is constructed in the
following way. Let gθ, 0 ≤ θ < pi, be the associated family of a simply connected
pseudoholomorphic curve g : M → S5. We consider the surface gˆ : M → S6m−1 defined
by
(∗∗) gˆ = a1gθ1 ⊕ · · · ⊕ amgθm ,
where a1, . . . , am are any real numbers with
∑m
j=1 a
2
j = 1, 0 ≤ θ1 < · · · < θm < pi,
and ⊕ denotes the orthogonal sum with respect to an orthogonal decomposition of the
Euclidean space R6m. It is easy to see that gˆ is minimal and isometric to g.
It would be interesting to know whether there exist other minimal surfaces in spheres
whose induced metrics satisfy the condition (∗), besides the flat ones and surfaces of the
type (∗∗).
We prove that minimal surfaces given by (∗∗) belong to the class of exceptional
surfaces that were studied in [28, 29]. These are minimal surfaces whose all Hopf differ-
entials are holomorphic, or equivalently all curvature ellipses of any order have constant
eccentricity up to the last but one. This class of surfaces contains the superconformal
ones.
It is then natural to investigate whether any minimal surface that satisfies the Ricci-
like condition (∗) is an exceptional surface. We are able to prove that minimal surfaces
in spheres that satisfy the condition (∗) are exceptional under appropriate global as-
sumptions. In view of this result, the study of minimal surfaces in spheres that satisfy
the condition (∗) is reduced to the class of exceptional surfaces.
In fact, we prove that besides flat minimal surfaces in odd dimensional spheres, the
only simply connected exceptional surfaces that satisfy the condition (∗) are of the type
(∗∗). Furthermore, we show that compact minimal surfaces in Sn, 4 ≤ n ≤ 7, that are
not homeomorphic to the torus, cannot be locally isometric to a pseudoholomorphic
curve in S5, unless n = 5. Moreover, we prove that, under certain assumptions, there
are no minimal surfaces in even dimensional spheres that satisfy the condition (∗).
It is worth noticing that a necessary and sufficient condition for a 2-dimensional
Riemannian manifold to be locally isometric to a minimal Lagrangian surface in CP 2 (see
[11, Theorem 3.8]) is that its induced metric satisfies the condition (∗). Thus our results
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apply to minimal surfaces in spheres that are locally isometric to minimal Lagrangian
surfaces in CP 2.
The paper is organized as follows: In Section 2, we fix the notation and give some
preliminaries. In Section 3, we recall the notion of Hopf differentials and some results
about exceptional surfaces. In Section 4, we give some basic facts about absolute value
type functions, a notion that was introduced in [11, 12]. In section 5, we discuss pseu-
doholomorphic curves in S5 and give some useful properties for minimal surfaces that
satisfy the Ricci-like condition (∗). In Section 6, we study the class of surfaces of type
(∗∗), we compute their Hopf differentials and show that they are indeed exceptional.
Section 7 is devoted to minimal surfaces that are exceptional and satisfy the condition
(∗). There we prove that, besides flat minimal surfaces in odd dimensional spheres, the
only simply connected exceptional surfaces that satisfy the condition (∗) are given by
(∗∗). In the last section, we prove our global results.
2. Preliminaries
In this section, we collect several facts and definitions about minimal surfaces in
spheres. For more details on these facts we refer to [7] and [9].
Let f : M → Sn denote an isometric immersion of a two-dimensional Riemannian
manifold. The kth-normal space of f at x ∈M for k ≥ 1 is defined as
Nfk (x) = span
{
αfk+1(X1, . . . , Xk+1) : X1, . . . , Xk+1 ∈ TxM
}
,
where
αfs : TM × · · · × TM → NfM, s ≥ 3,
denotes the symmetric tensor called the sth-fundamental form given inductively by
αfs (X1, . . . , Xs) =
(
∇⊥Xs · · ·∇
⊥
X3
αf(X2, X1)
)⊥
and αf : TM × TM → NfM stands for the standard second fundamental form of f
with values in the normal bundle. Here, ∇⊥ denotes the induced connection in the
normal bundle NfM of f and ( · )
⊥ means taking the projection onto the orthogonal
complement of Nf1 ⊕ · · · ⊕ N
f
s−2 in NfM. If f is minimal, then dimN
f
k (x) ≤ 2 for all
k ≥ 1 and any x ∈M (cf. [7]).
A surface f : M → Sn is called regular if for each k the subspaces Nfk have constant
dimension and thus form normal subbundles. Notice that regularity is always verified
along connected components of an open dense subset of M.
Assume that an immersion f : M → Sn is minimal and substantial. By the latter,
we mean that f(M) is not contained in any totally geodesic submanifold of Sn. In this
case, the normal bundle of f splits along an open dense subset of M as
NfM = N
f
1 ⊕N
f
2 ⊕ · · · ⊕N
f
m, m = [(n− 1)/2],
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since all higher normal bundles have rank two except possible the last one that has rank
one if n is odd; see [5] or [7]. Moreover, if M is oriented, then an orientation is induced
on each plane subbundle Nfs given by the ordered base
αfs+1(X, . . . , X), α
f
s+1(JX, . . . , X),
where 0 6= X ∈ TM .
If f : M → Sn is a minimal surface, then at x ∈ M and for each Nfr , 1 ≤ r ≤ m, the
rth-order curvature ellipse Efr (x) ⊂ N
f
r (x) is defined by
Efr (x) =
{
αfr+1(Z
ϕ, . . . , Zϕ) : Zϕ = cosϕZ + sinϕJZ and ϕ ∈ [0, 2pi)
}
,
where Z ∈ TxM is any vector of unit length.
A substantial regular surface f : M → Sn is called s-isotropic if it is minimal and at
any x ∈ M the curvature ellipses Efr (x) contained in all two-dimensional N
f
r
′s are circles
for any 1 ≤ r ≤ s.
The r-th normal curvature K⊥r of f is defined by
K⊥r =
2
pi
Area(Efr ).
If κr ≥ µr ≥ 0 denote the length of the semi-axes of the curvature ellipse E
f
r , then
(2.1) K⊥r = 2κrµr.
The eccentricity εr of the curvature ellipse E
f
r is given by
εr =
(κ2r − µ
2
r)
1/2
κr
,
where (κ2r − µ
2
r)
1/2
is the distance from the center to a focus, and can be thought of as
a measure of how far Efr deviates from being a circle.
The a-invariants (see [29]) are the functions
a±r = κr±µr =
(
2−r‖αfr+1‖
2 ±K⊥r
)1/2
.
These functions determine the geometry of the r-th curvature ellipse.
Denote by τ of the index of the last plane bundle, in the orthogonal decomposition of
the normal bundle. Let {e1, e2} be a local tangent orthonormal frame and {eα} be a
local orthonormal frame of the normal bundle such that {e2r+1, e2r+2} span N
f
r for any
1 ≤ r ≤ τ of and e2m+1 spans the line bundle N
f
m+1 if n = 2m+ 1. For any α = 2r + 1 or
α = 2r + 2, we set
hα1 = 〈α
f
r+1(e1, . . . , e1), eα〉, h
α
2 = 〈α
f
r+1(e1, . . . , e1, e2), eα〉.
Introducing the complex valued functions
Hα = h
α
1 + ih
α
2 for any α = 2r + 1 or α = 2r + 2,
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it is not hard to verify that the r-th normal curvature is given by
(2.2) K⊥r = i
(
H2r+1H2r+2 −H2r+1H2r+2
)
.
The length of the (r + 1)-th fundamental form αfr+1 is given by
(2.3) ‖αfr+1‖
2 = 2r
(
|H2r+1|
2 + |H2r+2|
2
)
,
or equivalently (cf. [1])
(2.4) ‖αfr+1‖
2 = 2r(κ2r + µ
2
r).
Each plane subbundle Nfr inherits a Riemannian connection from that of the normal
bundle. Its intrinsic curvature K∗r is given by the following proposition (cf. [1]).
Proposition 1. The intrinsic curvature K∗r of each plane subbundle N
f
r of a minimal
surface f : M → Sn is given by
K∗1 = K
⊥
1 −
‖αf3‖
2
2K⊥1
and K∗r =
K⊥r
(K⊥r−1)
2
‖αfr‖
2
2r−2
−
‖αfr+2‖
2
2rK⊥r
for 2 ≤ r ≤ τ of .
Let f : M → Sn be a minimal isometric immersion. If M is simply connected, there
exists a one-parameter associated family of minimal isometric immersions fθ : M → S
n,
where θ ∈ S1 = [0, pi). To see this, for each θ ∈ S1 consider the orthogonal parallel tensor
field
Jθ = cos θI + sin θJ,
where I is the identity endomorphism of the tangent bundle and J is the complex
structure of M induced by the metric and the orientation. Then, the symmetric section
αf(Jθ·, ·) of the bundle Hom(TM × TM,NfM) satisfies the Gauss, Codazzi and Ricci
equations, with respect to the same normal connection; see [8] for details. Therefore,
there exists a minimal isometric immersion fθ : M → S
n whose second fundamental form
is
(2.5) αfθ(X, Y ) = Tθα
f (JθX, Y ),
where Tθ : NfM → NfθM is the parallel vector bundle isometry that identifies the
normal subspaces Nfs with N
fθ
s , s ≥ 1.
3. Hopf differentials and Exceptional surfaces
Let f : M → Sn be a minimal surface. The complexified tangent bundle TM ⊗ C
is decomposed into the eigenspaces T ′M and T ′′M of the complex structure J , corre-
sponding to the eigenvalues i and −i. The (r + 1)-th fundamental form αfr+1, which
takes values in the normal subbundle Nfr , can be complex linearly extended to TM ⊗C
with values in the complexified vector bundle Nfr ⊗ C and then decomposed into its
(p, q)-components, p + q = r + 1, which are tensor products of p differential 1-forms
vanishing on T ′′M and q differential 1-forms vanishing on T ′M. The minimality of f is
equivalent to the vanishing of the (1, 1)-part of the second fundamental form. Hence,
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the (p, q)-components of αfr+1 vanish unless p = r + 1 or p = 0, and consequently for a
local complex coordinate z on M , we have the following decomposition
αfr+1 = α
(r+1,0)
r+1 dz
r+1 + α
(0,r+1)
r+1 dz¯
r+1,
where
α
(r+1,0)
r+1 = α
f
r+1(∂, . . . , ∂), α
(0,r+1)
r+1 = α
(r+1,0)
r+1 and ∂ =
1
2
( ∂
∂x
− i
∂
∂y
)
.
The Hopf differentials are the differential forms (see [27])
Φr = 〈α
(r+1,0)
r+1 , α
(r+1,0)
r+1 〉dz
2r+2
of type (2r + 2, 0), r = 1, . . . , [(n− 1)/2], where 〈·, ·〉 denotes the extension of the usual
Riemannian metric of Sn to a complex bilinear form. These forms are defined on the
open subset where the minimal surface is regular and are independent of the choice of
coordinates, while Φ1 is globally well defined.
Let {e1, e2} be a local orthonormal frame in the tangent bundle. It will be convenient
to use complex vectors, and we put
E = e1 − ie2 and φ = ω1 + iω2,
where {ω1, ω2} is the dual frame. We choose a local complex coordinate z = x+ iy such
that φ = Fdz.
From the definition of Hopf differentials, we easily obtain
Φr =
1
4
(
H
2
2r+1 +H
2
2r+2
)
φ2r+2.
Moreover, using (2.2) and (2.3), we find that
(3.1)
∣∣∣〈α(r+1,0)r+1 , α(r+1,0)r+1 〉∣∣∣2 = F 2r+222r+4
(
‖αfr+1‖
4 − 4r(K⊥r )
2
)
.
Thus, the zeros of Φr are precisely the points where the r-th curvature ellipse E
f
r is a
circle. Being s-isotropic is equivalent to Φr = 0 for any 1 ≤ r ≤ s.
The Codazzi equation implies that Φ1 is always holomorphic (cf. [5, 6]). Besides Φ1,
the rest Hopf differentials are not always holomorphic. The following characterization
of the holomorphicity of Hopf differentials was given in [28], in terms of the eccentricity
of curvature ellipses of higher order.
Theorem 1. Let f : M → Sn be a minimal surface. Its Hopf differentials Φ2, . . . ,Φr+1
are holomorphic if and only if the higher curvature ellipses have constant eccentricity up
to order r.
A minimal surface in Sn is called r-exceptional if all Hopf differentials up to order
r+ 1 are holomorphic, or equivalently if all higher curvature ellipses up to order r have
constant eccentricity. A minimal surface in Sn is called exceptional if it is r-exceptional
for r = [(n − 1)/2 − 1]. This class of minimal surfaces may be viewed as the next
simplest to superconformal ones. In fact, superconformal minimal surfaces are indeed
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exceptional, for superconformal minimal surfaces are characterized by the fact that all
Hopf differentials vanish up to the last but one, which is equivalent to the fact that all
higher curvature ellipses are circles up to the last but one. There is an abundance of
exceptional surfaces. Besides flat minimal surfaces, we show in Section 6 that minimal
surfaces of the type (∗∗) are indeed exceptional.
We recall some results for exceptional surfaces proved in [28], that will be used in the
proofs of our main results.
Proposition 2. Let f : M → Sn be an (r−1)-exceptional surface. At regular points the
following hold:
(i) For any 1 ≤ s ≤ r − 1, we have
∆ log ‖αs+1‖
2 = 2
(
(s + 1)K −K∗s
)
,
where ∆ is the Laplacian operator with respect to the induced metric ds2.
(ii) If Φr 6= 0, then
∆ log
(
‖αr+1‖
2 + 2rK⊥r
)
= 2
(
(r + 1)K −K∗r
)
and
∆ log
(
‖αr+1‖
2 − 2rK⊥r
)
= 2
(
(r + 1)K +K∗r
)
.
(iii) If Φr = 0, then
∆ log ‖αr+1‖
2 = 2
(
(r + 1)K −K∗r
)
.
(iv) The intrinsic curvature of the s-th normal bundle Nfs is K
∗
s = 0 if 1 ≤ s ≤ r− 1
and Φs 6= 0.
We will need the following proposition which was proved in [28].
Proposition 3. Let f : M → Sn be an r-exceptional surface. Then the set L0, where
f fails to be regular, consists of isolated points and all Nfs ’s and the Hopf differentials
Φs’s extend smoothly to L0 for any 1 ≤ s ≤ r.
4. Absolute value type functions
For the proof of our results, we shall use the notion of absolute value type functions
introduced in [11, 12]. A smooth complex valued function p defined on a Riemann
surface is called of holomorphic type if locally p = p0p1, where p0 is holomorphic and p1
is smooth without zeros. A function u : M → [0,+∞) defined on a Riemann surface M
is called of absolute value type if there is a function p of holomorphic type on M such
that u = |p|.
The zero set of such a function on a connected compact oriented surface M is either
isolated or the whole of M , and outside its zeros the function is smooth. If u is a
nonzero absolute value type function, i.e., locally u = |t0|u1, with t0 holomorphic, the
order k ≥ 1 of any point p ∈ M with u(p) = 0 is the order of t0 at p. Let N(u) be the
sum of the orders for all zeros of u. Then ∆ log u is bounded on M r {u = 0} and its
integral is computed in the following lemma that was proved in [11, 12].
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Lemma 1. Let (M, ds2) be a compact oriented two-dimensional Riemannian manifold
with area element dA.
(i) If u is an absolute value type function on M, then∫
M
∆ log udA = −2piN(u).
(ii) If Φ is a holomorphic symmetric (r, 0)-form on M, then either Φ = 0 or N(Φ) =
−rχ(M), where χ(M) is the Euler-Poincare´ characteristic of M.
The following lemma, that was proved in [21], provides a sufficient condition for a
function to be of absolute value type.
Lemma 2. Let D be a plane domain containing the origin with coordinate z and u be a
real analytic nonnegative function on D such that u(0) = 0. If u is not identically zero
and log u is harmonic away from the points where u = 0, then u is of absolute value type
and the order of the zero of u at the origin is even.
5. Pseudoholomorphic curves in S5
It is known that the multiplicative structure on the Cayley numbers O can be used
to define an almost complex structure J on the sphere S6 in R7. This almost complex
structure is not integrable but it is nearly Ka¨hler. A pseudoholomorphic curve [3] is a
nonconstant smooth map g : M → S6 from a Riemann surface M into the nearly Ka¨hler
sphere S6, whose differential is complex linear.
It is known [3, 13] that any pseudoholomorphic curve g : M → S6 is 1-isotropic. The
nontotally geodesic pseudoholomorphic curves in S6 are 2-isotropic and substantial in
S6, substantial in S6 but not 2-isotropic, or substantial in a totally geodesic S5 ⊂ S6.
The following theorem [13] provides a characterization of Riemannian metrics that
arise as induced metrics on pseudoholomorphic curves in S5.
Theorem 2. Let (M, ds2) be a simply connected Riemann surface, and let K ≤ 1 be its
Gaussian curvature and ∆ its Laplacian operator. Suppose that the function 1−K is of
absolute value type. Then there exists an isometric pseudoholomorphic curve g : M → S5
if and only if
(∗) ∆ log(1−K) = 6K.
In fact, up to translations with elements of G2, that is the set Aut(O) ⊂ SO7, there is
precisely one associated family of such maps.
The above result shows that a minimal surface in a sphere is locally isometric to a
pseudoholomorphic curve in S5 if its Gaussian curvature satisfies the condition (∗) at
points where K < 1 or equivalently if the metric dsˆ2 = (1−K)1/3ds2 is flat.
The following lemma is fundamental for our proofs.
10 AMALIA-SOFIA TSOURI AND THEODOROS VLACHOS
Lemma 3. Let f : (M, ds2)→ Sn be a nontotally geodesic minimal surface. If (M, ds2)
satisfies the Ricci-like condition (∗), at points with Gauss curvature K < 1, then the
function 1 −K is of absolute value type with isolated zeros of even order. Moreover, if
M is compact and pj , j = 1, . . . , m, are the isolated zeros of 1 −K with corresponding
order ordpj(1−K) = 2kj, then we have
(5.1)
m∑
j=1
kj = −3χ(M),
where χ(M) is the Euler-Poincare´ characteristic ofM. In particular,M cannot be home-
omorphic to the sphere S2.
Proof. Let M0 be the set of points where K = 1. The open subset M rM0 is dense on
M, since minimal surfaces in spheres are real analytic. Around each point p0 ∈ M0, we
choose a local complex coordinate z such that p0 corresponds to z = 0 and the induced
metric is written as ds2 = F |dz|2. The Gaussian curvature K is given by
K = −
2
F
∂∂¯ logF.
Moreover, the condition (∗) is equivalent to
4∂∂¯ log(1−K) = 6KF.
Thus we have
∂∂¯ log
(
(1−K)F 3
)
= 0.
According to Lemma 2, the function 1 − K is of absolute value type with isolated
zeros pj, j = 1, . . . , m, and corresponding order ordpj(1−K) = 2kj. Then, (5.1) follows
from Lemma 1(i) and the condition (∗). 
Let g : M → S5 be a pseudoholomorphic curve and let ξ ∈ NfM be a smooth unit
vector field that spans the extended line bundle Ng2 over the isolated set of points where
f fails to be regular (see Proposition 3). The surface g∗ : M → S5 defined by g∗ = ξ is
called the polar surface of g. It has been proved in [29, Corollary 3] that the surfaces g
and g∗ are congruent.
6. A class of minimal surfaces that are locally isometric to a
pseudoholomorphic curve in S5
The aim of this section is to study a class of minimal surfaces that are exceptional,
nonflat and locally isometric to a pseudoholomorphic curve in S5.
Let g : M → S5 be a simply connected pseudoholomorphic curve with Gaussian cur-
vature K < 1, with respect to the induced metric 〈·, ·〉 = ds2, and let gθ, θ ∈ S
1 = [0, pi),
be its associated family.
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Take
a = (a1, . . . , am) ∈ S
m−1 ⊂ Rm with
m∏
j=1
aj 6= 0
and
θ = (θ1, . . . , θm) ∈ S
1 × · · · × S1, where 0 ≤ θ1 < · · · < θm < pi.
We consider the map gˆ = ga,θ : M → S
6m−1 ⊂ R6m defined by
gˆ = ga,θ = a1gθ1 ⊕ · · · ⊕ amgθm ,
where ⊕ denotes the orthogonal sum with respect to an orthogonal decomposition of
R6m. Its differential is given by
dgˆ = a1dgθ1 ⊕ · · · ⊕ amdgθm.
It is obvious that gˆ is an isometric immersion. We can easily see that the second
fundamental form of the surface gˆ is given by
αˆ2(X, Y ) =
m∑
j=1
ajα
gθj (X, Y ), X, Y ∈ TM,
which implies that gˆ is minimal.
The following proposition provides several properties for the above class of minimal
surfaces.
Proposition 4. For any simply connected pseudoholomorphic curve g : M → S5, the
minimal surface gˆ : M → S6m−1 is substantial and isometric to g. Moreover, it is an
exceptional surface and the following hold:
(i) The length of its (s+ 1)-th fundamental form is given by
(6.1) ‖αˆs+1‖
2 =


bˆs(1−K)
s/3 if s ≡ 0 mod 3,
bˆs(1−K)
(s+2)/3 if s ≡ 1 mod 3,
bˆs(1−K)
(s+1)/3 if s ≡ 2 mod 3,
for any 1 ≤ s ≤ 3m− 1, where bˆs are positive numbers.
(ii) Its s-th normal curvature is given by
(6.2) Kˆ⊥s =


cˆs (1−K)
s/3 if s ≡ 0 mod 3,
cˆs (1−K)
(s+2)/3 if s ≡ 1 mod 3,
cˆs (1−K)
(s+1)/3 if s ≡ 2 mod 3,
for any 1 ≤ s < 3m− 1, where cˆs are positive numbers.
(iii) Its s-th Hopf differential is given by
Φˆs =
{
dˆsΦ
(s+1)/3 if s ≡ 2 mod 3,
0 otherwise,
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for any 1 ≤ s ≤ 3m− 1, where dˆs ∈ C and Φ is the second Hopf differential of g.
Proof. We consider a local orthonormal frame {e1, e2} in the tangent bundle away
from totally geodesic points of g. Moreover, we choose a local orthonormal frame field
{ξ1, ξ2, ξ3} in the normal bundle of g such that
ξ1 =
α(e1, e1)
‖α(e1, e1)‖
, ξ2 =
α(e1, e2)
‖α(e1, e2)‖
.
From [29, Lemma 5] it follows that h31 = κ, h
3
2 = 0, h
4
1 = 0 and h
4
2 = κ, where κ is the
radius of the first circular curvature ellipse. Hence H3 = κ and H4 = iκ. Moreover, we
have that h52 = 0 and h
5
1 = κ. Therefore, it follows that
〈∇⊥e1ξ1, ξ3〉 = 1, 〈∇
⊥
e1
ξ2, ξ3〉 = 0,
〈∇⊥e2ξ1, ξ3〉 = 0, 〈∇
⊥
e2
ξ2, ξ3〉 = −1,
or equivalently
(6.3) 〈∇⊥
E
ξ3, ξ1 − iξ2〉 = 0, 〈∇
⊥
E
ξ3, ξ1 + iξ2〉 = −2,
where E = e1 − ie2.
In order to show that the minimal surface gˆ is substantial, it is sufficient to prove that
(6.4)
m∑
j=1
aj〈gθj , wj〉 = 0
for (w1, . . . , wm) ∈ R
6m = R6 ⊕ · · · ⊕ R6 implies that wj = 0 for any j = 1, . . . , m.
Assume to the contrary that wj 6= 0 for all j = 1, . . . , m. Differentiating (6.4) we
obtain
(6.5)
m∑
j=1
aj〈dgθj , wj〉 = 0,
and
m∑
j=1
aj 〈α
gθj , wj〉 = 0.
Using (2.5), we have that
m∑
j=1
aj
〈
Tθjα
g(JθjE,E), wj
〉
= 0,
where Tθj : NgM → NgθjM is a parallel vector bundle isometry. Since JθE = e
−iθE, it
follows that
(6.6)
m∑
j=1
aje
−iθj
〈
Tθj (ξ1 + iξ2), wj
〉
= 0.
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Differentiating with respect to E, and using the Weingarten formula, we obtain
m∑
j=1
aje
−iθj
〈
∇⊥
E
Tθj(ξ1 + iξ2), wj
〉
=
m∑
j=1
aje
−iθj
〈
dgθj ◦ATθj (ξ1+iξ2)(E), wj
〉
,
where ATθj η is the shape operator of gθj with respect to its normal direction Tθjη. It
follows from (2.5) that
ATθj (ξ1+iξ2) = e
iθjAξ1+iξ2 .
This and (6.5) yield
m∑
j=1
aje
−iθj
〈
Tθj
(
∇⊥
E
(ξ1 + iξ2)
)
, wj
〉
= 0.
Using (6.3) and (6.6), the above is written as
m∑
j=1
aje
−iθj
〈
Tθjξ3, wj
〉
= 0,
or equivalently
m∑
j=1
aje
−iθj〈g∗θj , wj〉 = 0,
where g∗θj = Tθjξ3 is the polar surface of gθj . This is equivalent to
m∑
j=1
aj cos θj〈g
∗
θj
, wj〉 = 0 and
m∑
j=1
aj sin θj〈g
∗
θj
, wj〉 = 0.
Eliminating 〈g∗θm, wm〉, we can easily see that
(6.7)
m−1∑
j=1
aj〈g
∗
θj
, w
(m)
j 〉 = 0,
where w
(m)
j = sin(θm−θj)wj 6= 0. Using the fact that the polar surface of gθj is congruent
to gθj (cf. [10, Lemma 11] or [29, Corollary 3]) and arguing as for (6.7), we have that
m−2∑
j=1
aj〈gθj , w
(m−1)
j 〉 = 0,
where w
(m−1)
j = sin(θm−1 − θj)w
(m)
j . Arguing as before, we inductively obtain that
a1〈gθ1, w〉 = 0 or a1〈g
∗
θ1, w〉 = 0
for a vector w ∈ R6 r {0}, which is a contradiction.
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Claim. We now claim that the higher fundamental forms of gˆ are given by
(6.8) αˆs(E, . . . , E) =


κs/3
∑m
j=1 c
s
jgθj if s ≡ 0 mod 6,
κ(s−1)/3
∑m
j=1 c
s
jdgθj(E) if s ≡ 1 mod 6,
κ(s+1)/3
∑m
j=1 c
s
jTθj (ξ1 + iξ2) if s ≡ 2 mod 6,
κs/3
∑m
j=1 c
s
jTθjξ3 if s ≡ 3 mod 6,
κ(s−1)/3
∑m
j=1 c
s
jTθj (ξ1 − iξ2) if s ≡ 4 mod 6,
κ(s+1)/3
∑m
j=1 c
s
jdgθj(E) if s ≡ 5 mod 6,
where the complex vectors Cs = (c
s
1, . . . , c
s
m) ∈ C
m r {0}, 2 ≤ s ≤ 3m satisfy the
following orthogonality conditions, with respect to the standard Hermitian product (·, ·)
on Cm:
(6.9)
(Ct,Ct′) = 0 if t ≡ 1 mod 6 and t
′ ≡ 5 mod 6, or t ≡ 2 mod 6 and t′ ≡ 4 mod 6,
(6.10) (Ct,Ct′) = 0 = (Ct,Ct′) if t 6= t
′ and t, t′ ≡ 0 mod 6, or t, t′ ≡ 3 mod 6,
(6.11) (Ct,Ct′) = 0 = (Ct,Ct′) if t 6= t
′ and t, t′ ≡ 1 mod 6, or t, t′ ≡ 2 mod 6,
or t, t′ ≡ 4 mod 6, or t, t′ ≡ 5 mod 6
and
(6.12) (Ct, a) = 0 if t ≡ 0, 1, 5 mod 6.
In particular, these complex vectors are defined inductively by
(6.13) Cs+1 =


Cs −
s∑
t≡1 mod 6
(Cs,Ct)
‖Ct‖
2 Ct −
s∑
t≡5 mod 6
(Cs,Ct)
‖Ct‖
2 Ct if s ≡ 0 mod 6,
2TθCs if s ≡ 1 mod 6,
2Cs if s ≡ 2 mod 6,
−Cs +
s∑
t≡2 mod 6
(Cs,Ct)
‖Ct‖
2 Ct +
s∑
t≡4 mod 6
(Cs,Ct)
‖Ct‖
2 Ct if s ≡ 3 mod 6,
−2TθCs if s ≡ 4 mod 6,
−2Cs if s ≡ 5 mod 6,
where C1 = a and Tσ : C
m → Cm denotes the unitary transformation given by
Tσu = (u1e
−iσ1 , . . . , ume
−iσm), u = (u1, . . . , um) ∈ C
m
for any σ = (σ1, . . . , σm) ∈ R
m. It is worth noticing that (6.8) implies that Cs 6= 0 for
every 2 ≤ s ≤ 3m, since the surface gˆ is substantial.
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To prove the claim, we proceed by induction on s. Using that
dgˆ(E) =
m∑
j=1
ajdgθj(E),
the Gauss formula for g and gθj , j = 1, . . . , m, yields
αˆ2(E,E) = κ
m∑
j=1
c2j(ξ
θj
1 + iξ
θj
2 ),
where c2j = 2aje
−iθj . Hence, C2 = 2TθC1 = 2Tθa and this proves (6.8) for s = 2.
Let us assume that (6.8)-(6.13) hold for any t ≤ s. We shall prove that it is also true
for t = s+ 1. From the definition of the higher fundamental forms, we have that
αˆs+1(E, . . . , E) =
(
∇Eαˆs(E, . . . , E)
)N gˆs
= κλs
(
∇˜E
(
1
κλs
αˆs(E, . . . , E)
))N gˆs
,(6.14)
where ∇ is the induced connection of g∗(TS6m−1), ∇˜ is the induced connection of the
induced bundle (i ◦ g)∗(TR6m), i : S6m−1 → R6m is the standard inclusion, λs is the
exponent of the function κ in (6.8) and ( · )N
gˆ
s stands for the projection onto the s-th
normal bundle of gˆ. Taking (6.3) into account, we obtain that
(6.15) ∇˜E
(
1
κλs
αˆs(E, . . . , E)
)
=
m∑
j=1
csjdgθj(E) if s ≡ 0 mod 6,
∇˜E
(
1
κλs
αˆs(E, . . . , E)
)
=
1
2
m∑
j=1
csj
(
〈∇EE,E〉dgθj(E)(6.16)
+4κe−iθjTθj(ξ1 + iξ2)
)
if s ≡ 1 mod 6,
(6.17)
∇˜E
(
1
κλs
αˆs(E, . . . , E)
)
=
m∑
j=1
csj
(
−i〈∇⊥
E
ξ1, ξ2〉Tθj(ξ1 + iξ2) + 2Tθjξ3
)
if s ≡ 2 mod 6,
(6.18) ∇˜E
(
1
κλs
αˆs(E, . . . , E)
)
= −
m∑
j=1
csjTθj (ξ1 − iξ2) if s ≡ 3 mod 6,
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∇˜E
(
1
κλs
αˆs(E, . . . , E)
)
=
m∑
j=1
csj
(
− 2κe−iθjdgθj(E)(6.19)
+i〈∇⊥
E
ξ1, ξ2〉Tθj (ξ1 − iξ2)
)
if s ≡ 4 mod 6
and
(6.20) ∇˜E
(
1
κλs
αˆs(E, . . . , E)
)
=
1
2
m∑
j=1
csj
(
〈∇EE,E〉dgθj(E)− 4gθj
)
if s ≡ 5 mod 6,
where ∇ is the Levi-Civita´ connection on M.
Using (6.14) and (6.15)-(6.20), after some tedious computations, we obtain that (6.8)
holds for t = s + 1. Taking into account (6.8) for t = s + 1, the orthogonality of the
higher normal bundles and (6.9)-(6.12) for t ≤ s, we obtain that (6.9)-(6.12) are also
true for t = s+ 1, and this completes the proof of the claim.
From (2.4) and since the length of the semi-axes κs and µs of the s-th curvature ellipse
satisfy
κ2s + µ
2
s = 2
−2s
∥∥αˆs+1(E, . . . , E)∥∥2 ,
we have
‖αˆs+1‖
2 = 2−s
∥∥αˆs+1(E, . . . , E)∥∥2 .
Clearly (6.1) follows from (6.8) with
bˆs =


2(3−4s)/3 ‖Cs+1‖
2 if s ≡ 0 mod 3,
2(1−4s)/3 ‖Cs+1‖
2 if s ≡ 1 mod 3,
2−(1+4s)/3 ‖Cs+1‖
2 if s ≡ 2 mod 3.
Furthermore, the s-th normal curvature is given by
Kˆ⊥s = 2
−2s
(∥∥αˆs+1(E, . . . , E)∥∥4 − |〈αˆs+1(E, . . . , E), αˆs+1(E, . . . , E)〉|2)1/2 .
This, combined with (6.8) yields (6.2), where
cˆs =


2(3−7s)/3 ‖Cs+1‖
2 if s ≡ 0 mod 3,
2(1−7s)/3 ‖Cs+1‖
2 if s ≡ 1 mod 3,
2−(1+7s)/3
(
‖Cs+1‖
4 − |(Cs+1,Cs+1)|
2
)1/2
if s ≡ 2 mod 3.
Using (6.8) and the fact that the s-th Hopf differential of gˆ is written as
Φˆs = 4
−(s+1) 〈αˆs+1(E, . . . , E), αˆs+1(E, . . . , E)〉φ
2s+2,
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we obtain that
Φˆs = 4
−(s+1)κ2
s+1
3
m∑
j=1
(cs+1j )
2φ2s+2 if s ≡ 2 mod 3
and Φˆs = 0 otherwise.
The fact that the second Hopf differential Φ of g is given by Φ = 2−2κ2φ6 completes the
proof of part (iii), where dˆs = 2
−4(s+1)/3(Cs+1,Cs+1). Obviously, all Hopf differentials
are holomorphic and consequently gˆ is exceptional according to Theorem 1. 
In the subsequent lemma, we determine the associated family of any surface gˆ = ga,ϕ.
Lemma 4. The associated family gˆϕ of any minimal surface gˆ = ga,θ is given by gˆϕ =
ga,ϕ, where ϕ = (θ1 + ϕ, . . . , θm + ϕ).
Proof. Let f : M → S6m−1 be the minimal surface given by f = ga,ϕ. From (6.13) we
can easily see that the complex vectors Cfs , Cs ∈ C
mr{0} associated to f and gˆ = ga,θ ,
respectively, satisfy
Cfs = e
−iϕCs for any 2 ≤ s ≤ 3m.
Moreover, Proposition 4(iii) implies that the s-th Hopf differential of f is given by
Φfs =
{
dfsΦ
(s+1)/3 if s ≡ 2 mod 3,
0 otherwise,
where dfs = 2
−4(s+1)/3(C
f
s+1,C
f
s+1). Equivalently, we have
Φfs =
{
2−4(s+1)/3e2iϕ(Cs+1,Cs+1)Φ
(s+1)/3 if s ≡ 2 mod 3,
0 otherwise.
Thus the Hopf differentials of f and gˆ satisfy
Φfs = e
2iϕΦˆs for any 1 ≤ s ≤ 3m− 1.
According to [27, Theorem 5.2], the associated family of the surface gˆ is ga,ϕ and this
completes the proof. 
7. Exceptional surfaces and the Ricci-like condition
In this section, we study exceptional surfaces that satisfy the Ricci-like condition (∗).
To prove our main results, we need the following proposition.
Proposition 5. Let f : M → Sn be a nonflat r-exceptional surface which satisfies the
Ricci-like condition (∗). Then the following hold:
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For any 1 ≤ s ≤ r + 1, we have:
(7.1) ‖αs+1‖
2 =


bs(1−K)
s/3 if s ≡ 0 mod 3,
bs(1−K)
(s+2)/3 if s ≡ 1 mod 3,
bs(1−K)
(s+1)/3 if s ≡ 2 mod 3,
where {bs} , {ρs} are sequences of positive numbers such that b1 = 2, bs+1 = ρ
2
sbs, ρs ≤ 1
and ρs = 1 if s ≡ 0, 1 mod 3.
Moreover for any 1 ≤ s ≤ r, the following hold:
(7.2) Φs = 0 if s ≡ 0, 1 mod 3,
(7.3) K∗s =


K if s ≡ 0 mod 3,
−K if s ≡ 1 mod 3,
0 if s ≡ 2 mod 3,
and
(7.4) K⊥s =


cs(1−K)
s/3 if s ≡ 0 mod 3,
cs(1−K)
(s+2)/3 if s ≡ 1 mod 3,
cs(1−K)
(s+1)/3 if s ≡ 2 mod 3,
where cs = 2
−sρsbs.
Proof. We set ρs = 2
sK⊥s / ‖αs+1‖
2 . Since f is r-exceptional, the function ρs is constant
for any 1 ≤ s ≤ r. We proceed by induction on r.
Assume that f is 1-exceptional. The Gauss equation implies ‖α2‖
2 = 2(1−K). Then
from Proposition 2(i) for s = 1 and the Ricci-like condition (∗), we find K∗1 = −K.
Moreover, we have K⊥1 = ρ1(1 − K). We claim that ρ1 = 1. Assume to the contrary
that ρ1 6= 1. Then Φ1 6= 0 and Proposition 2(ii) combined with the condition (∗) yield
K∗1 = K, which is a contradiction. Hence ρ1 = 1 and Proposition 1 yields (7.1) for s = 2
with b2 = 2. This settles the case r = 1.
Suppose now that (7.2)-(7.4) hold if f is r-exceptional. We shall prove that (7.2)-(7.4)
also hold assuming that f is (r + 1)-exceptional. By Theorem 1, the Hopf differential
Φr+1 is holomorphic, hence either it is identically zero or its zeros are isolated.
At first we assume that r ≡ 0 mod 3. From the inductive assumption, we have
‖αr+2‖
2 = br+1(1−K)
(r+3)/3.
We claim that ρr+1 = 1. Arguing indirectly, we assume that Φr+1 6= 0. Then Proposition
2(iv) yields K∗r+1 = 0. Taking into account the condition (∗), Proposition 2(ii) implies
that M is flat and this is a contradiction. Thus Φr+1 is identically zero, or equiva-
lently ρr+1 = 1. From Proposition 2(iii) and the condition (∗), we obtain K
∗
r+1 = −K.
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Furthermore, we have
K⊥r+1 = 2
−(r+1)ρr+1 ‖αr+2‖
2 ,
or equivalently
K⊥r+1 = cr+1(1−K)
(r+3)/3,
with cr+1 = 2
−(r+1)br+1. Then using Proposition 1, we obtain
‖αr+3‖
2 = br+2(1−K)
(r+3)/3,
with br+2 = br+1.
Assume now that r ≡ 1 mod 3. From the inductive assumption, we have
‖αr+2‖
2 = br+1(1−K)
(r+2)/3.
If Φr+1 6= 0, then Proposition 2(iv) yields K
∗
r+1 = 0. If Φr+1 is identically zero, or
equivalently ρr+1 = 1, then Proposition 2(iii) and the condition (∗) imply that K
∗
r+1 = 0.
Furthermore, we have
K⊥r+1 = 2
−(r+1)ρr+1 ‖αr+2‖
2 ,
or equivalently
K⊥r+1 = cr+1(1−K)
(r+2)/3,
with cr+1 = 2
−(r+1)ρr+1br+1. From Proposition 1, we obtain
‖αr+3‖
2 = br+2(1−K)
(r+2)/3,
with br+2 = ρ
2
r+1br+1.
Finally, we suppose that r ≡ 2 mod 3. From the inductive assumption, we have
‖αr+2‖
2 = br+1(1−K)
(r+1)/3.
We claim that ρr+1 = 1. Assume to the contrary that ρr+1 6= 1 or equivalently Φr+1 6= 0.
Then Proposition 2(iv) yields K∗r+1 = 0. Taking into account the Ricci-like condition
(∗), Proposition 2(ii) implies that M is flat, which is a contradiction. Hence Φr+1 is
identically zero, or equivalently ρr+1 = 1. From Proposition 2(iii) and the condition (∗),
we obtain K∗r+1 = K. Furthermore, we have
K⊥r+1 = 2
−(r+1)ρr+1 ‖αr+2‖
2 ,
or equivalently
K⊥r+1 = cr+1(1−K)
(r+1)/3,
with cr+1 = 2
−(r+1)ρr+1br+1. Using Proposition 1, it follows that
‖αr+3‖
2 = br+2(1−K)
(r+4)/3
with br+2 = br+1 and this completes the proof. 
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Theorem 3. Let f : M → Sn be a nonflat simply connected exceptional surface with
substantial odd codimension. If f satisfies the Ricci-like condition (∗) away from the
isolated points with Gaussian curvature K = 1, then n = 6m − 1 and there exists
a = (a1, . . . , am) ∈ S
m−1 ⊂ Rm with Πmj=1aj 6= 0 and θ = (θ1, . . . , θm) ∈ S
1 × · · · × S1,
where 0 ≤ θ1 < · · · < θm < pi such that f = ga,θ .
Proof. We claim that n ≡ 5 mod 6. Arguing indirectly, we suppose at first that n = 6l+1.
Since f is (3l− 1)-exceptional, (7.1) yields ‖α3l+1‖
2 = b3l(1−K)
l. Moreover, viewing f
as a minimal surface in S6l+2, we obviously have K⊥3l = K
∗
3l = 0. Then from Proposition
2(ii), we obtain
∆ log ‖α3l+1‖
2 = 2(3l + 1)K.
Thus K = 0, which is a contradiction.
Suppose that n = 6l + 3. Since f is 3l-exceptional, (7.1) yields
‖α3l+2‖
2 = b3l+1(1−K)
l+1.
Moreover, viewing f as a minimal surface in S6l+4, we obviously have K⊥3l+1 = K
∗
3l+1 = 0.
Then from Proposition 2(ii), it follows that
∆ log ‖α3l+2‖
2 = 2(3l + 2)K.
Thus K = 0, which is a contradiction.
Hence n ≡ 5 mod 6 and we may set n = 6m − 1. According to (7.2), we have that
Φr = 0 if r ≡ 0, 1 mod 3. Let
r0 = min {r : 2 ≤ r ≤ 3m− 1 with Φr 6= 0} .
Obviously r0 ≡ 2 mod 3. Let z be a local complex coordinate such that the induced
metric is given by ds2 = F |dz|2. From the definition of Hopf differentials we know that
Φr = frdz
2r+2, where fr = 〈α
(r+1,0)
r+1 , α
(r+1,0)
r+1 〉.
For any r ≡ 2 mod 3 and r ≥ r0 such that Φr 6= 0, we may write Φr = |fr|e
iσrdz2r+2.
Using (7.1), (7.4) and (3.1), we obtain
Φr = 2
−(r+2)brF
r+1eiσr(1−K)(r+1)/3
(
1− ρ2r
)1/2
dz2r+2.
We pick a branch h of f
3/(r0+1)
r0 and define the form Φ = c0hdz
6, where c0 is given by
c0 =


(
2
br0(1−ρ2r0)
1/2
)3/(r0+1)
if r0 < 3m− 1,(
2
br0
)3/(r0+1)
if r0 = 3m− 1.
It is obvious that Φ is well defined and holomorphic. It follows that
Φr =
1
2
br
(
1− ρ2r
)1/2
e
i
(
σr−
r+1
r0+1
σr0
)
Φ(r+1)/3.
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From the holomorphicity of Φr and Φ, we deduce that σr−
r+1
r0+1
σr0 is constant. Moreover,
we easily see that
|c0h|
2 =
(
F
2
)6
(1−K)2 .
Using [13, Theorem 11.1], we infer that there exists a pseudoholomorphic curve
g : M → S5 whose second Hopf differential is Φ.
We consider a surface gˆ = ga,θ which according to Proposition 4 is exceptional for any
a ∈ Sm−1 and θ. Setting ρˆs = 2
sKˆ⊥s / ‖αˆs+1‖
2 , it follows from Proposition 4 that
ρˆs =


(
1−
|(Cs+1,Cs+1)|
2
‖Cs+1‖
4
)1/2
if s ≡ 2 mod 3,
1 otherwise.
We now claim that we can choose a ∈ Sm−1 and θ such that
br = bˆr, cr = cˆr and ρr = ρˆr for every 1 ≤ r ≤ 6m− 3,
where bˆr, cˆr, br, cr and ρr are the sequences in Proposition 4 and Proposition 5, respec-
tively. Obviously, Proposition 5 gives that
br = bˆr = 2 for r = 1, 2, c1 = cˆ1 = 1 and ρ1 = ρˆ1 = 1.
We choose a and θ such that the unitary transformation T2θ satisfies
|(T2θa, a)|
2 = 1− ρ22.
According to (6.13), the above is equivalent to ρ2 = ρˆ2. Then using Proposition 5, we
obtain that
br+1 = bˆr+1, cr = cˆr and ρr = ρˆr for 1 ≤ r ≤ 4.
Similarly, we may choose a and θ such that
|(T2θC4,C4)|
2
‖C4‖4
= 1− ρ25,
or equivalently ρ5 = ρˆ5, according to (6.13). Repeating this argument, and choosing a
and θ such that ρr = ρˆr for any r ≡ 2 mod 3, the claim follows inductively.
Thus, Proposition 5 implies that the a-invariants of the minimal surface f coincide
with those of gˆ = ga,θ for appropriate a and θ.
It follows from [27, Theorem 5.2] that f is a member of the associate family of gˆ,
which in view of Lemma 4 completes the proof. 
For the proof of Theorem 4 below, we recall the following well known lemma.
Lemma 5. Let M be a two-dimensional Riemannian manifold and let f : M → R
be a smooth function such that ∆f = P (f) and ‖∇f‖2 = Q(f) for smooth functions
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P,Q : R→ R, where ∇f denotes the gradient of f. Then on {p ∈M : ∇f(p) 6= 0} , the
Gaussian curvature K satisfies
2KQ+ (2P −Q′)(P −Q′) +Q(2P ′ −Q′′) = 0.
For minimal surfaces in substantial even codimension, we prove the following result.
Theorem 4. (i) Substantial exceptional surfaces in S6m cannot satisfy the Ricci-like
condition (∗).
(ii) Substantial
[
n−1
2
]
-exceptional surfaces in an even dimensional sphere Sn cannot
satisfy the Ricci-like condition (∗).
Proof. (i) Assume to the contrary that f : M → S6m is a substantial exceptional surface
that satisfies the condition (∗). Since f is (3m − 2)-exceptional, Proposition 5 yields
‖α3m‖
2 = b3m−1(1 − K)
m and K∗3m−2 = −K. Moreover, combining Proposition 1 with
Proposition 5, we find that
K∗3m−1 =
23m−1K⊥3m−1
b3m−1(1−K)m
.
By Theorem 1, Φ3m−1 is holomorphic. Hence either it is identically zero or its zeros
are isolated. If Φ3m−1 is identically zero, then f is (3m−1)-exceptional, and (7.3) yields
K∗3m−1 = 0. Then the above equation implies K
⊥
3m−1 = 0. This means that f lies in a
totally geodesic S6m−1 of S6m (cf. [22, p. 96]), which is a contradiction. Suppose now
that Φ3m−1 6= 0. By virtue of Proposition 2(ii), we have
∆ log
(
‖α3m‖
2 + 23m−1K⊥3m−1
)
= 2
(
3mK −K∗3m−1
)
,
∆ log
(
‖α3m‖
2 − 23m−1K⊥3m−1
)
= 2
(
3mK +K∗3m−1
)
.
Using the condition (∗) and setting ρ = 23m−1K⊥3m−1/ ‖α3m‖
2 , the above equations
are equivalent to
(7.5) ∆ log (1 + ρ) = −2K∗3m−1 and ∆ log (1− ρ) = 2K
∗
3m−1.
Since ρ = 23m−1K⊥3m−1/ ‖α3m‖
2 , we obtain K∗3m−1 = ρ.
Then equations (7.5) are written equivalently
∆ρ = −2ρ(1 + ρ2) and ‖∇ρ‖2 = 2ρ2(1− ρ2).
If the function ρ is constant, then ρ = 0 and consequently K⊥3m−1 = 0, which contradicts
the fact that f is substantial. If ρ is not constant, then Lemma 5 yields K = −8, which
contradicts the Ricci-like condition (∗).
(ii) Assume that f : M → Sn is a substantial [(n − 1)/2]-exceptional surface which
satisfies the condition (∗), where n is even. It suffices to consider the case n = 6m+ 2
and n = 6m+ 4, since the case n = 6m was settled in (i).
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At first let us suppose that n = 6m + 2. Since f is 3m-exceptional, (7.2) and (7.3)
yield Φ3m = 0 and K
∗
3m = K. By virtue of Proposition 1, we obtain
K∗3m =
K⊥3m ‖α3m‖
2
23m−2
(
K⊥3m−1
)2 .
Then, using (7.1) and (7.4), we have that K∗3m = 1, which is a contradiction.
We suppose now that n = 6m + 4. Since f is (3m + 1)-exceptional, (7.2) and (7.3)
yield Φ3m+1 = 0 and K
∗
3m+1 = −K. From Proposition 1 it follows that
K∗3m+1 =
K⊥3m+1 ‖α3m+1‖
2
23m−1
(
K⊥3m
)2 .
Using (7.1) and (7.4), we find that K∗3m+1 = 1 −K, which is a contradiction, and this
completes the proof. 
8. Global results
In this section, we prove results for compact minimal surfaces that satisfy the condition
(∗) and are not homeomorphic to the torus. We recall from Lemma 3, that such surfaces
cannot be homeomorphic to the sphere S2.
Theorem 5. Let f : M → Sn be a compact substantial minimal surface with genus g ≥ 2
which satisfies the Ricci-like condition (∗) away from isolated points where the Gaussian
curvature satisfies K = 1. If the eccentricity εr of the higher curvature ellipses of order
r ≡ 0 mod 3 for any 1 ≤ r ≤ s satisfies the condition∫
M
εr
(1−K)γ
dA <∞
for some constant γ ≥ 4/3, then f is s-exceptional.
Proof. According to Lemma 3, the function 1−K is of absolute value type with nonempty
zero set M0 = {p1, . . . , pm} and corresponding order ordpj(1−K) = 2kj. For each point
pj, j = 1, . . . , m, we choose a local complex coordinate z such that pj corresponds to
z = 0 and the induced metric is written as ds2 = F |dz|2. Around pj , we have that
(8.1) 1−K = |z|2kju0,
where u0 is a smooth positive function.
We shall prove that f is s-exceptional by induction. At first we show that f is 1-
exceptional. In fact, we can prove that f is 1-isotropic. We know that the first Hopf
differential Φ1 = f1dz
4 is holomorphic. Hence either Φ1 is identically zero, or its zeros
are isolated. Assume now that Φ1 is not identically zero. Obviously, Φ1 vanishes at each
pj. Thus we may write f1 = z
l1(pj)ψ1 around pj, where l1(pj) is the order of Φ1 at pj,
and ψ1 is a nonzero holomorphic function. Bearing in mind (3.1), we obtain
1
4
‖α2‖
4 − (K⊥1 )
2 = 24F−4|ψ1|
2|z|2l1(pj)
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around pj. In view of (8.1) and the fact that ‖α2‖
2 = 2(1−K), we find that the function
u1 : M rM0 → R defined by
u1 =
(
(1−K)2 − (K⊥1 )
2
)3
(1−K)4
,
around pj , is written as
(8.2) u1 = 2
12F−12u−40 |ψ1|
6|z|6l1(pj)−8kj .
Since u1 ≤ (1 −K)
2, from (8.2) we deduce that l1(pj) ≥ 2kj and we can extend u1
to a smooth function on M. It follows from Proposition 2(ii) and the condition (∗) that
log u1 is harmonic away from the isolated zeros of u1. By continuity, the function u1 is
subharmonic everywhere on M. Using the maximum principle, we deduce that u1 is a
positive constant. This contradicts the fact that K = 1 on M0.
Suppose now that f is (r − 1)-exceptional for r ≥ 2. We note that M cannot be flat
due to our assumption on the genus. We shall prove that f is also r -exceptional. From
[28, Proposition 4], we know that Φr = frdz
2r+2 is globally defined and holomorphic.
Hence either Φr = 0 or its zeros are isolated. In the former case, f is r-exceptional.
Assume now that Φr is not identically zero. Obviously, Φr vanishes at pj . Hence we
may write fr = z
lr(pj)ψr around pj, where lr(pj) is the order of Φr at pj, and ψr is a
nonzero holomorphic function. Bearing in mind (3.1), we obtain
(8.3) ‖αr+1‖
4 − 4r(K⊥r )
2 = 4r+2F−2(r+1)|ψr|
2|z|2lr(pj)
around pj . In view of (8.1), we find that
(8.4) ur = 4
3(r+2)F−6(r+1)u
−2(r+1)
0 |ψr|
6|z|6lr(pj)−4kj(r+1),
where ur : M rM0 → R is the smooth function (see Proposition 3) given by
ur =
(
‖αr+1‖
4 − 4r(K⊥r )
2
)3
(1−K)2(r+1)
.
We claim that r ≡ 2 mod 3. Arguing indirectly, we at first assume that r ≡ 0 mod 3.
Since ε2r/(2− ε
2
r) ≤ εr, our assumption implies∫
M
ε2r
(2− ε2r) (1−K)
γ dA <∞,
or equivalently, bearing in mind (2.1) and (2.4),∫
M
(
‖αr+1‖
4 − 4r(K⊥r )
2
)1/2
(1−K)γ ‖αr+1‖
2 dA <∞.
Taking into account (7.1), the above becomes∫
M
(
‖αr+1‖
4 − 4r(K⊥r )
2
)1/2
(1−K)γ+
r
3
dA <∞.
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We consider the subset
Uδ(pj) = {p ∈M : |z(p)| < δ} , j = 1, . . . , m.
Using (8.1) and (8.3), the above inequality implies that∫
Uδ0(pj)rUδ(pj)
|z|lr(pj)−2kj(γ+
r
3
)dA < c
for any δ < δ0, where c is a positive constant and δ0 is small enough. We set z = ρe
iθ.
Since dA = Fρdρ ∧ dθ, we deduce that∫ δ0
0
ρlr(pj)−2kj(γ+
r
3
)+1dρ <∞.
This implies that
lr(pj) > 2kj(γ +
r
3
)− 2.
Summing up, we obtain
N(Φr) + 2m > 2(γ +
r
3
)
m∑
j=1
kj.
Using Lemma 1(ii) and (5.1) in Lemma 3, it follows that
χ(M)(3γ − 1) +m > 0.
On the other hand, (5.1) implies that m ≤ −3χ(M), which contradicts the above and
the hypothesis that χ(M) < 0.
Now assume that r ≡ 1 mod 3. Bearing in mind (7.1), we deduce that ur ≤ b
6
r(1−K)
2.
Using (8.1) and (8.4), we obtain 3lr(pj) ≥ 2kj(r+2). Then from Lemma 3, we conclude
that
N(Φr) ≥ −2(r + 2)χ(M).
Due to Lemma 1(ii), the above contradicts our hypothesis on the genus.
Therefore, we conclude that r ≡ 2 mod 3. By virtue of (7.1), we obtain ur ≤ b
6
r .
Then (8.4) implies 3lr(pj) ≥ 2kj(r + 1), and we can extend ur to a smooth function
on M. It follows from Proposition 2(ii) and the Ricci-like condition (∗) that log ur
is harmonic away from the zeros which are isolated, and consequently by continuity
ur is subharmonic everywhere on M. By the maximum principle, we deduce that the
function ur is a positive constant. This shows that the r-th curvature ellipse has constant
eccentricity, i.e., the surface f is r-exceptional. This completes the proof. 
For compact minimal submanifolds in spheres with low codimension, we prove the
following result.
Corollary 1. Let f : M → Sn be a substantial minimal surface with 4 ≤ n ≤ 7. If M
is compact and not homeomorphic to the torus, then it cannot be locally isometric to a
pseudoholomorphic curve in S5, unless n = 5.
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Proof. From Lemma 3, we have that the genus of M satisfies g ≥ 2. We assume that
n 6= 5. For n = 4 and n = 6, the result follows immediately from Theorem 5 and Theorem
4(ii). In the case where n = 7, Theorem 5 implies that the surface is exceptional and
the result follows from Theorem 3. 
Remark 1. The assumption in Theorem 5 on the eccentricity of curvature ellipses of
order r ≡ 0 mod 3 could be replaced by the condition
εr ≤ (1−K)
β
for positive constants c and β > 1/3. Both conditions claim that the curvature ellipses
of order r ≡ 0 mod 3 tend to be circles close to totally geodesic points. We don’t know
whether Theorem 5 holds without this assumption in any codimension.
The following global result is complementary to Theorem 4.
Theorem 6. Let f : M → S6m+4, m ≥ 1, be a substantial exceptional surface. If M is
compact with genus g ≥ 2, then it cannot be locally isometric to a pseudoholomorphic
curve in S5.
Proof. We assume to the contrary that the surface satisfies the Ricci-like condition
(∗). Since f is 3m-exceptional, from Proposition 3 we know that the Hopf differential
Φ3m+1 = f3m+1dz
6m+4 is globally defined and holomorphic. Hence either Φ3m+1 = 0 or
its zeros are isolated.
Theorem 4(ii) implies that the Hopf differential Φ3m+1 cannot vanish identically.
According to Lemma 3, the function 1 −K is of absolute value type with nonempty
zero set M0 = {p1, . . . , pm} and corresponding order ordpj(1−K) = 2kj. For each point
pj, j = 1, . . . , m, we choose a local complex coordinate z such that pj corresponds to
z = 0 and the induced metric is written as ds2 = F |dz|2. Around pj , we have that
(8.5) 1−K = |z|2kju0,
where u0 is a smooth positive function.
Obviously, Φ3m+1 vanishes at pj. Hence we may write f3m+1 = z
l(pj)ψ around pj , where
l(pj) is the order of Φ3m+1 at pj , and ψ is a nonzero holomorphic function. Bearing in
mind (3.1), we obtain
‖α3m+2‖
4 − 43m+1(K⊥3m+1)
2 = 26(m+1)F−2(3m+2)|ψ|2|z|2l(pj)
around pj . In view of (8.5), we find that
(8.6) u = 218(m+1)F−6(3m+2)u
−2(3m+2)
0 |ψ|
6|z|6l(pj)−4kj(3m+2),
where u : M rM0 → R is the smooth function (see Proposition 3) given by
u =
(
‖α3m+2‖
4 − 43m+1(K⊥3m+1)
2
)3
(1−K)2(3m+2)
.
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Using (7.1), it follows that u ≤ b63m+1(1−K)
2. Then (8.5) and (8.6) imply that l(pj) ≥
2kj(m+ 1). By Lemma 3, we deduce that
N(Φ3m+1) ≥ −6(m+ 1)χ(M).
It follows from Lemma 1(ii) that the above contradicts our hypothesis on the genus and
the theorem is proved. 
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